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Try independently first. Read hint 1 before hint 2.

1. For x > 0, log_2(x) + log_4(x) = 6. What is x?

A. 4 B. 8 C. 16 D. 32 E. 64

Hint 1: Express both logarithms using base 2.

Hint 2: If t = log_2(x), then log_4(x) = t/2.

2. A real angle theta satisfies sin(theta) + cos(theta) = 1/3. What is sin(2 theta)?

A. -8/9 B. -4/9 C. 1/9 D. 4/9 E. 8/9

Hint 1: Square the given equation.

Hint 2: Use sin^2(theta) + cos^2(theta) = 1 and 2 sin(theta) cos(theta) = sin(2 theta).

3. Let i be the imaginary unit, so i^2 = -1. What is (1 + i)^8?

A. -16 B. -16i C. 8 D. 16 E. 16i

Hint 1: Square 1 + i first.

Hint 2: Its square is 2i; square twice more.

4. The four real roots of t^4 - 5t^2 + 4 = 0 are r_1, r_2, r_3, and r_4. What is 1/r_1^2 + 1/r_2^2 + 1/r_3^2 + 1/r_4^2?

A. 5/4 B. 2 C. 5/2 D. 4 E. 5

Hint 1: Factor the equation as a quadratic in t^2.

Hint 2: The factors are (t^2 - 1)(t^2 - 4).

5. How many ordered pairs of integers (a, b), with 2 <= a <= 20 and 2 <= b <= 20, make log_a(b) an integer?

A. 19 B. 22 C. 23 D. 24 E. 25

Hint 1: An integer logarithm means b = a^k for an integer k.

Hint 2: Here k must be positive. Count the permitted bases separately for each exponent.

6. Two sides of a triangle have lengths 5 and 7, and their included angle is 120 degrees. What is the circumradius
of the triangle?

A. sqrt(109)/2 B. sqrt(327)/3 C. sqrt(109) D. 35 sqrt(3)/4 E. sqrt(327)

Hint 1: Find the third side using the law of cosines.

Hint 2: The extended sine rule gives 2R = c/sin(120 degrees).
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7. A nonzero complex number z satisfies z + 1/z = 1. What is z^2026 + 1/z^2026?

A. -2 B. -1 C. 0 D. 1 E. 2

Hint 1: Multiply by z to find a quadratic equation.

Hint 2: The equation implies z^3 = -1, so powers repeat with period 6.

8. Define f(x) = (2x + 1)/(x + 2), and start with x_0 = 0 and x_(n+1) = f(x_n). What is x_5?

A. 40/41 B. 80/81 C. 120/121 D. 121/122 E. 242/243

Hint 1: Try transforming x by T(x) = (1 + x)/(1 - x).

Hint 2: For 0 <= x < 1, T(f(x)) = 3T(x).

9. Two distinct integers are selected uniformly from 1 through 12, with order ignored. What is the probability
that their product is a perfect square?

A. 1/22 B. 2/33 C. 5/66 D. 1/11 E. 1/6

Hint 1: Remove square factors from each integer.

Hint 2: A product is a square exactly when the two remaining squarefree parts are equal.

10. Real numbers x and y satisfy x^2/9 + y^2/4 = 1. What is the greatest possible value of 2x + 3y?

A. 6 B. sqrt(39) C. 6 sqrt(2) D. 9 E. 12

Hint 1: Set u = x/3 and v = y/2, so u^2 + v^2 = 1.

Hint 2: Then 2x + 3y = 6(u + v); use (u - v)^2 >= 0.

11. In the expansion of (x^2 + 1/x)^9, what is the coefficient of the term independent of x?

A. 36 B. 72 C. 84 D. 126 E. 252

Hint 1: If k of the nine factors contribute x^2, the others contribute 1/x.

Hint 2: The resulting exponent is 2k - (9 - k). Set it equal to zero.

12. How many real angles theta in the interval 0 <= theta < 2 pi satisfy sin(3 theta) = cos(2 theta)? Angles are
measured in radians.

A. 4 B. 5 C. 6 D. 7 E. 10

Hint 1: Replace cos(2 theta) by sin(pi/2 - 2 theta).

Hint 2: For sin(u) = sin(v), use u = v + 2k pi or u = pi - v + 2k pi, and check for overlap.
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